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Abstract- The size-elrcct of structural element has been experimentally determined in concrete
members undcr various load types. The importance of size-eflect on safe structural design has been
well recognized. Theoretical models explaining and predicting size-elrect based on fracture mechanics
of brittle and quasi-brittle materials have made signiJicant advances in the last decade.

Structural size-elrect can be reduced by modifying the crack bridging behavior of concrete. An
etrective means of controlling the crack bridging law is by fiber reinforcement. Sinec the bridging
law is fundamentally governed by libel' and interface properties. propcr materials engineering C<11I

lead to eflCetivc means of reducll1g structural size-clIee!.
This paper studies analytically the effecti~enessof Ilber bndging on the PRC beam structural

sizc elrect. by means of a flexural model which takes II1to account matrix crack extension and libel'
bridging The flexural strength (MOR) is shown to decrease with beam height following Balant's
Sizc-EJTect Law I(lr ordll1ary concrete. \Vhen fiber bridging is introduced. the MOR is shown 10 be
much less dependent on m,ltrix properties. Instead libel' and inlerface parameters dOininate the
MOR of the PRC beam. /\t thc same time. beam helght-size-elteet 011 MOR is shown to c1uninlsh
within the practical rangc of rcal structural sizes. The relationships between structural strength
MOR. the composite (J 'il bridging relation. the material characteristics length. and the constituent
libeL matrix and interface properties arc clarified. A generic size-eltecl law for FRC l)(:ams is

obtained. Other related issuc:s such as size-effects on R-curve behaVIOr, critical crack length at \o10R.
etc.. are also studied. ( 1998 Elsevier Science Ltd. /\ll rights re,erved

INTRODUCT!O]\

The size-effect of structural element. as one of the most important consequences of fracture
mechanics, has been studied both experimentally and theoretically in concrete members
over the last decade (e.g., BazanL 1984, 1987, 1992: Bazant and Kazemi, 1990; Carpinteri.
1989). Knowledge of the size effect is of great importance for the safe design of structures.
For brittle materials. the maximum nominal stress size-effect of geometrically similar
structure elements (e.g., beams) with initial notches can be most illustratively explained by
the following LEFM resull •

(I)

where Q'N is the nominal maximum stress, Kit is the material fracture toughness, and ao and
b are the initial crack length and beam height, respectively. In the case of a 3-point bending
beam with beam height b, span S and unit thickness (Fig. 1). Q'N and flail/b) are given by
(Tada el al., 1985):

(2a)

and

* Author to whom correspondence should he addressed.

4223



4224 V. C. Li ('1"1.

p

,

b

)(

() () o

P/2 ~_- S ~t P/2

Fig. I. Geometric and loading configurations of a three·point bending FRC beam.
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(2b)

[t should be noted that eqn (2b) is given for Sib = 4 and any Go/b. For other Sib ratios, the
accuracy of (2b) will slightly decrease.

For quasi-brittle materials, such as concrete, rocks, and fiber-reinforced cement com­
posites. crack extensIon in a structural clement is associated with the growth of fracture
process zone CFPZ). the property of which can be characterized by cohesive stress or
bridging stress vs crack opening displacement ((Tn ()) relation (Barenblat, 1962; Hillerborg,
1983). Li and Liang (1986) has demonstrated that the fracture process zone length and the
fracture resistance. in general, are not material properties but depends on the geometry of
the specimen and the loading configurations. They also concluded that the use of LEFM
for crack analysis in concrete and FRC structures are generally invalid unless all relevant
structural dimensions are much larger than the steady-state process zone size. and the (Tn

() relation must be used as a fundamental material property in a nonlinear fracturc mechanics
analysis.

Without getting into detailed nonlinear fracture mechanics analysis. Bazant and Kaz­
emi (1990) introduced a size-effect law for nominal strength of concrete structures:

(TN = en (3)

where Grand clare the fracture energy and the eq uivalent effective length of fracture process
zone for an infinitely large specimen. respectively; g(xo) (C"f(xo))" and C, = 1.5S/b for a
three-point bending beam. Equation (3) captures the correct trend of structural size-effect
in concrete in a simple. easy-to-use form although it is only approximate due to the
truncation of the Taylor series ofg(x) in its derivation.

When fibers are introduced. the fracture energy, strength and ductility of an ordinary
concrete element can be greatly improved. Fiber reinforcement also adds another dimension
to materials engineering in reducing structural size-effect via the control of crack bridging
behavior. Furthermore, recent development in FRC structural applications. such as the
steel fiber reinforced concrete (SFRC) tunnel linings in Japan (Li. 1995: Nanakorn et al.•
1996), posts new challenges in the load-carrying-capacity design for theseFRC structures.
Predictive capability is certainly needed at both the material and structural level to provide
design guidelines in FRC structural applications.
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In order to address the above-mentioned issues, quantitative studies explicitly taking
into account the FPZ development in FRC structures must be carried out. The crucial
information needed will be the crack bridging relation. The crack bridging law as a fun­
damental material property has been well established in terms of fiber, matrix and interface
characteristics, based on micromechanical models of the bridging mechanism of randomly
oriented short straight fibers (Li, 1992; Li et al., 1991 ; Lin and Li, 1997). Further link of
those fundamental properties to the structural size-effect through the (TB-() relation is
needed. Establishing such a link can provide analytic tools for predicting FRC structural
load-carrying capacity as well as effective means of reducing structural size-effect through
proper materials engineering. In this paper, these issues will be addressed by employing a
generic nonlinear fracture mechanics formulation. A three-point bending model which
takes into account matrix crack extension and fiber bridging is considered. The relationships
between the structural nominal flexural strength (MOR), the composite (Till) bridging
relation, the material characteristics length, and the constituent fiber, matrix and interface
properties are clarified. A generic size-effect law for FRC beams is obtained. The influence
of fiber bridging on the size-effects of R-curve behavior and critical crack length at MOR
are also analyzed.

APPROACH

In this section, a generic nonlinear fracture mechanics formulation is presented. Based
on this formulation, numerical simulations can be performed to obtain the flexural loading
associated with matrix crack extension with fiber bridging in a three-point bending FRC
beam. Detailed crack opening profiles and bridging stress distributions in the fracture
process zone can be computed as well.

Formulation
Figure 1 shows an initially notched three-point beam under mid-span point loading.

The load carrying capacity of the FRC beam is assumed to be controlled by the cracking
and bridging actions that ,ake place at the mid-span cross-section. A bridged crack model
with stress singularity ahead of the fracture process zone is used (see Fig. 2) (Jenq and
Shah, 1985; Foote et al., 1986: Cox and Marshall. 1991). The use of a singular model will
lead to realistic predictions of crack opening profiles and near-tip deformations (Gettu and
Shah, 1994).

Following the standard derivation outlined in Cox and Marshall (1991), the singular
integral equation governing the crack opening profile ()(.x) coupled with applied flexural
stress u,,(x) and bridging stress UIl(t5(X)) is given by

a

._--..J.-----==---I....x

Fig. 2. The bridged crack model.
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where E' is the composite Young's modulus (E' = E for plane stress and E' = £/(1 -- v")
for plane strain) ; O',,(x) = 0',,(0)( 1- 2x/h). 0',,(0) == (3PS/2h 2

) for three-point bending case;
the weight function G(x, a, b) is given in the Appendix, Based on the superposition scheme,
the crack-tip stress intensity factor K

' i
l' is given by

~"

K'il' K,+KB =, 21 G(x.a,b)[O',.(.x) 0'1l(6(x))]dx
.JI)

(5)

Upon crack extension, KlIl' should be equal to the matrix toughness K"" This gives an
additional equation for solving the applied load required for crack extension in (4), i.e"

21'" G(x,a,b)[O",(x)--O"I!(()(X)I]dx = KI1

'" U

(6)

In (4)(6). the fundamental material property required is the crack bridging relation
O'B(()(X)), Li (1992) has theoretically derived an expression for such a bridging law of
tension-softening type for randomly oriented short straight fiber reinforced composites,
and it is given by

a(J" c= [1-()i(L, ,2)f (7)

where 0"0 ~g VIT(LI/dd is the maximum bidging stress; VI' LI and II are the fiber volume
fraction, fiber length and tiber diameter, respectively; T is the interface frictional stress and
g is the snubbing factor related to the angle effect when a fiber is pulled out at an inclined
angle relative to the loading axis (Morton and Grovcs,1976; Li el at., 1990), It should be
noted that the crack bridging associated with tiber debonding process is ignored here based
on the consideration that in both laboratory-size and real-size structures, the crack opening
is generally large enough to get into the tension-softening range at maximum applied or
failure load. The fracture energy associated with (7) can be found by integrating the area
under the curve shown in Fig. 3 as follows

vi
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Fig 3, ~on-diJllelJsional tensiolJ-softening crack hridging law,
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(8)

Both (7) and (8) have been compared with experimental data for steel-fiber and synthetic­
fiber reinforced cementitious composites of widely varying micromechanical parameters.
and good agreements were found (see Li, 1992 f()r detail).

Equations (4) and (6) can be re-written in the following non-dimensional form by
using 0"0 and Lr/2 as normalization factors for stress and length quantities, respectively.
That is

and

r>(X) S"A f {J: G(.I', I, B)[L()() - LJj(t5(X))j dS} G(X, I. B) dl (9)

where

,.....----

0"" ~/n(h
(10)

nELl
(11= = Material characteristic length (II)

160""

S'" = 0"" (0)/0"1) = Normalized nominal llexural stress amplitude (12)

A =, (//('11 0= Normalized crack length (13)

B = h/(h = Normalized beam height (14)

A
L(X) = 1-2X B(X = x/a) = Applied load pattern (15)

(16)

The material characteristic length (11 defined in (II) results from the normalization pro­
cedure and could be interpreted as proportional to the ratio of E' to the approximate post­
peak softening rate 0"0(Lr/2). Combining (8) and (11).1. 11 can be also written as

( 17)

which is similar to that defined in Hillerborg (1983) and Li and Liang (1986). The quantity
B = h; Ie 11 is defined as normalized beam height, and it also indicates the structural brittleness
as will be seen shortly. One may regard this quantity as the brittleness number.

The numerical scheme for solving equations (9) and (10) to find the nondimensional
applied load amplitude Sa along with crack opening profiles for gradually increasing crack
lengths has been documented in Cox and Marshall (1991). to which readers arc referred
for details. The maximum value of S'" gives the normalized nominal flexural strength (MaR)
u"duo. From the above formulation. it can be concluded that
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'Table I. Parameter ranges identified in the present study

Parameter

Initial l1a\\' a"h

Material characteristic length I."
Brillieness numberB = hl".
/(* (K",rJ, .... ';-{,:))

Range

1 2(~/;)

IOlO'~i;)
10° 10' Ill

h

]()']()

(U) lOS'

:"Jote

Initial material defect (assumed)
Notched specjmens for size-effect study"
Il " = (r:ELr/I6(j,,)
h (real): 10 .. 10 1

_._,_ . __ .

(/("':'rJ" ..../rr/",) 0.51.... ,Gil

., e. g" Baz'lI1t and Pfejffer ( 1n 7). Duda and Komg ( 19901 and Chern and Tarng (1990)
h Rei'. Ilillerborg ( 1983) . Ref. Okamura and Maekawa ( 1994)

(1'", Cor cement paste and morlar is on the order of 10" and I0' .I'm". respectively. G. f'H FRCs is up to 10' J'nr'
(Wang ('I al. 1991 ).

( 18)

The aolb dependence in (18) results from the modification to the bridging stress distribution
LIl(.t) in (9) and (10) by setting zero bridging stress along the initially notched (unbridged)
section of the crack. The dependence of structural strength aN/aO on the brittleness number
B and the initial crack size (ai/b) in FRC beams is analogous to similar dependence for
concrete beams. The parameter K* = (KIll:'au\/ rr(h), however, is unique for FRC beams.
K* can be interpreted as a relative matrix crack tip toughness to the FPZ fiber bridging
toughness.

The non-dimensional formulation presented here enables us to obtain a generic size­
effect law forFRC beams under flexural loading. Equation (18) also identifies the role of
fiber, matrix and interface properties in structural size-effect.

Par(//neler ranges

Ta ble I shows that realistic ranges for the parameters identified in (18). These ranges
will be covered in our numerical results presented in the next section.

RESULTS AND DISCUSSIONS

Elfi'et off/bel' bri(~qing on failure modes ola FRC hewn
Fiber bridging tends to stabilize the extension of matrix cracks. The elTect of fiber

bridging is analogous to the crack closing action provided by distributed nonlinear springs
linking the matrix crack faces. Obviously, the brittle or ductile nature of the failure of a
FRC structure is strongly controlled by the quality of those nonlinear springs.

Figure 4 shows typical curves of fkxural stress Gne, ( = aa(O)) vs crack length a in a
normalized form. Given the brittleness number and initial notch, the stability of crack
growth is governed by the single parameter K*. Smaller K* values correspond to stronger
flber bridging or lower matrix toughness Kill' The K* (HII case shows stable crack growth
after it initiates until the flexural strength (MOR) is reached. We shall denote this failure
mode as Type II (ductile). For K* = 0.05, crack growth is unstable (flexural stress decreases
as the crack propagates) following the initiation. and it starts to become stable when crack
size (also, FPZ size) becomes large. at least under displacement controlled condition. But
the post-first-cracking flexural stress is still 100ver than the first cracking stress. The same
situation is found in K* = 0.1 case except that there is no stable matrix crack growth at all
due to the even poorer crack bridging effect. In the latter two cases. the failure of the FRC
beam will be catastrophic (Type I. brittle) if load control is assumed. The ilexural strength
(MOR) for both cases will be taken at the initiation point which is essentially controlled
by the matrix toughness Km and initial notch size an. and follows the LEFM result (1) with
K lc = Km ·

It is worth mentioning that the normalization for the flexural stress Gil" is performed
according to ( I) so that the starting points for all the cases will be the same.
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Fig. 4. Normalizcd flexural stress as a function of relative crack length for b.'!." = 0.0 I and
a,,:b = (1.02. The typical ductile failure mode (Type I) and brittle f~lilure mode (Type 11) are shown.
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Generic size-efleet lall'

It has been shown earlier that the normalized nominal strength of a FRC beam under
three-point bending (IN/(JU only depends on three non-dimensional parameters: B. K*, and
au/b. In order to obtain such a generic size-effect law. extensive numerical calculations
have been carried out. To illustrate, Fig. 5(a)-(h) are presented here corresponding to
au/b = 0.0 I, 0.02, 0.05, O. I. 0.2, 0.3, 0.5 and 0.7 cases, respectively. The parallel straight
lines or line segments of slope ( - 1/2) indicate Type [ (brittle) failure while curved portions
are related to Type II (ductile) failure as discussed in the previous section. When K* is
fixed, as the brittleness number B increases from O.OOl, the failure mode undergoes a
transition from brittle to ductile. However, at larger values of B and for all values of K*.
curves revert back to the LEFM limit, which is given by (I) and

(19)

Here the composite elastic modulus E' ::::: E;11 is assumed, which is quite accurate for low
fiber volume fraction cases (e.g.. several percent). It can be shown that this LEFM limit
for (ff',/(Jo is given by

(
' ,8 )1 c.. I (au \ (b) I2n(K*)- + -- j )-

3n I b / lch
(20)

While the structural brittleness at large brittleness number has been well recognized.
the brittleness at small B revealed in this study is due to the inadequate FPZ development
as limited by small structural size b if other parameters are fixed.

On the other hand, as K* decreases from 0.5-0.01, meaning fiber bridging effect is
getting stronger, all the curves tend to collapse into a master curve (the bottom ones in Fig.
5(a)-(h). Further decrease in K* makes essentially no difference. This implies that when
crack bridging is strong enough or the fracture energy is sufficiently high, the structural
size-effect is governed by the fundamental fiber and interface properties and the matrix
toughness becomes irrelevant. [n the case of ductile f~lilure. the limiting value of (fN(JO as
b --> 0 or (h --> eX) is given by a plastic hinge analysis (Carpinteri. 1989). Referring to Fig. 6,
it is readily shown that
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and this '"fully yielding" limit IS shown as a dashed horizontal line in each of the plots
shown in Fig. 5.
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Fig. 6. Stress distribution and force balance in a plastic hinge analysis as b approaches /(TO.

It should be also pointed out that with all the material and geometric parameters other
than the beam height b fixed, the transition from brittle to ductile failure for small aoib
cases occurs at larger b's than for large aolh cases (e.g., anib =, 0.02 vs an'h = 0.2). This is
due to the fact that smaller initial notch requires higher first cracking load and a larger
subsequent FPZ to develop in order to realize Type II behavior. Alternatively. a smaller
anib is equivalent to a larger Kill'

Figure 7 shows the predicted nominal strength for ductile FRC beams (K* ~ (U) I) as
a function of the brittleness number B and initial notch an/b.

As an example. Fig. 8 shows the comparison among a 2(;;) polyethylene (Spectra 900)
FRC, ordinary concrete and mortar (Bazant and Pfeifrer, 1987) as well as high strength
concrete (HSCI (Duda and Konig. 1990) in terms of size-effect in real dimensions. The
MOR values for 2(~;) Spectra 900 FRC beams (unnotched) are taken from Maale.i and Li

K ~
K* = m ::;0.011

OO~1tech .
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~ ~N.-
~

-C1:l 0.5§
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z a

0.001 0.01 0.1

L.. ....

1 10

Normalized Beam Height or Brittleness Number, bl {lch

Fig. 7. Predicted nominal strength for ductile FRC beams (K* 0.(1) as a function of the brittleness
number B and initial notch o"b.
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• HSC (Duda and Konig (1990))

,

1

10

0.1
0.01 0.1

Beam Height, b (m)
Fig. 8. Comparison of size-effect in Spectra FRC, concrete, mortar and HSC in real dimensions.

(1994), Li el al. (1996) and Lim el aI, (1997), The parameters used for the prediction are
r 0.75 MPa,g = 2, L, = 12.7 mm, dr = 38 pm and aolb = 0.02. The results from the Size­
Effect Law [eqn (3)) are also included in Fig. 8 (for concrete: Gr = 37 J/m2

, Cr = 13.4 mm;
for mortar: Gr = 20 .11m2

, cr 1.9 mm (Bazant and Kazemi, 1990)), It can be seen from
Fig. 8 that Spectra 900 FRC shows much less size-effect than ordinary concrete, mortar
and HSC within the practical range of real sizes.

Figure 9 shows the bridging stress distribution as the bridging zone develops for
K* ~ (l.01 and for different brittleness numbers. In all four cases, the fracture process zone
remains attached to the initial notch tip when MOR is reached.

Size-ef/c'CI on R-curl'e hehal'ior
The fracture resistance curve (R-curve) due to fiber bridging can be evaluated by (Rice,

1968)

('()

GR(a) = I '''8(6) de)
oJO

(22)

where (), is the crack opening at the tip of a FPZ, which can be computed in the numerical
simulation for given values of a. Plotted in Fig. 10 are the R-curves corresponding to
various brittleness numbers for K* ~ 0.01 and (a) aolb = 0.02 and (b) ao/b = 0.2. It is not
surprising to see that only for very large brittleness numbers the material fracture energy
Gr (due to fiber bridging) can be fully utilized. The fact that with the laboratory specimens,
the measured fracture energy Gc (at maximum load) is always lower than the true one has
been found by many researchers (e.g., Li et al.. 1987; Li and Liang, 1986; Shah, 1984),

The shape of the curves are also quite different for different brittleness numbers. For
large brittleness numbers, the R-curves tend to concave downwards and saturate after
certain amount of crack extension, which is the typicaL familiar shape of R-curves. For
small brittleness numbers, however, the R-curves tend to concave upwards. This unusual
behavior has been observed in FRCs with large lch (e.g., asbestos/cellulose cement mortar
(Mai, 1991)) and in ceramic composites with small b (e.g., Al/AI20 J composite (Zok,
1991 )). These computed R-curves may be useful to estimate the real material fracture energy
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Gr from Gc data measured using small-size specimens. Figure II shows the prediction of
the ratio between measured fracture energy Gc and material fracture energy Gr if a notched
three-point bending FRC beam is to be used (ao/b = 0.2). This corresponds to the suggested
technique by Bazant and Pfeiffer (1987) for measurement of fracture energy of concrete
using geometrically similar specimens.

Critical crack length
The critical crack length ae is detined as the total crack length including the initial

notch and the bridging zone length when MaR is reached. This quantity sometimes is very
important if a simplitied load-carrying capacity design method is to be used, which is
usually based on the stress distribution along the critical cross-section of a FRC beam. For
example. a recent Japanese design provision for steel-tiber-reinforced concrete (SFRC)
tunnel linings assumes that acib 0.7 regardless of the size-effect. Since the estimated load
carrying capacity based on the stress-distribution over {/, is sensitive to the critical crack
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length. an improper choice of 0c may lead to either over-conservative or unsafe design. This
issue was addressed by Nanakorn el al. (1996).

Plotted in Fig. 12 is the normalized critical crack length vs brittleness number curves
for K* ~ O,Cll ao/h = 0.02 and oo/h 0.2. It is obvious that the normalized critical crack
length strongly depends on the structural size. Caution needs to be taken in any design
practice with regard to this aspect. It should be noted that in the cases presented in Fig. 12.
when the critical crack length is reached. it is fully bridged except in the initial notched
portion.

CONCLUSI01\'S

(I) Fiber bridging with increasing fiber volume fraction r'l , interfacial bond strength T and
fiber length LJ gives rise to brittle-to-ductile transition of a FRC beam. and therefore
significantly reduces structural size effect (Ref. Fig. 4 and Fig. 5).
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(2) There are two types of brittle behavior of a FRC beam: (a) brittleness due to large
structure size (FPZ zone relatively small; LEFM applicable) (Ref. Fig, 10). and (b)
brittleness due to small structure size because of inadequate fracture process zone
development as limited by the small structure size. Both are quantified as a function of
the brittleness number bl(h and (Km!rio ..../~i,b) as shown in Fig. 5.

(3) When ductile failure is ensured by sufficient fiber bridging. the nominal strength of a
FRC beam is dictated by flber and interf~lce properties. Further increase in maximum
bridging stress an leads to stronger size-effect due to the decreasing material charac­
teristic length l,b. Physically. as rio increases via increasing interfacial bond strength T
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or fiber volume fraction Vrwhile fiber length L r is kept constant, the (JH(j curve in real
dimensions will have a steeper drop, which gives rise to stronger size-effect.

(4) R-curve behavior, critical fracture energy and crack length at MOR point are strongly
size-dependent. They should be carefully considered in a simplified FRC load-carrying
capacity design method based on stress-distribution at the critical beam cross-section
with assumed bridged crack length.
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APPENDIX

The weight function in (4) can be found in Tada 1'1 al. as follows

G(.\·.a.b)
(x'a.a,bl

(I ''''<I')''
(AI)

where

h, l,y,a,aI1') =
(I ab)'"

(/\2)

(/,{s) = 6,17- 28.22\+34.54.\ 14.39.1' (1--.1)' 5.88(1 .1)52.64.\'(1 .I)

9,{1') =c 663+2516, 31.04s: f·14.4ls'+21Iq" 5.0411-1) 1.98.1 11\1' (A3)


